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In the frame of the CI method including all singly and doubly excited configurations general 
expressions for the elements of the electron density-bond order matrix and for the spin density are 
derived for the ground and excited singlet and triplet molecular states. 

Im Rahmen der CI-Methode werden unter Einschlul3 aller einfach und doppelt angeregten Kon- 
figurationen f'tir den Grundzustand und die angeregten Singulett- und Triplett-Zust~inde allgemeine 
Ausdrticke f'tir die Elemente der Elektronendichte- und Bindungsordnungs-Matrix sowie f'tir die 
Spindichte angegeben. 

Dans le cadre de la m6thode d'I.C, incluant toutes les configurations mono et diexcit6es dans 
une base d'O.A, orthogonales, on donne les expressions g6n6rales pour les 616ments de la matrice des 
densit6s 61ectroniques et des indices de liaison et pour les densit6s de spin dans les 6tats fondamentaux 
et excit6s singulet ou triplet. 

Introduction 

The computat ion of the electronic structure of molecules by the configuration 
interaction (CI) method is often restricted to  singly and doubly excited configura- 
tions. The inclusion of more  than singly excited configurations leads to a closer 
description of reactivity, geometry, and other properties of molecules in the 
ground and excited states.  Therefore the knowledge of the distribution of the 
electron density P. . ,  the spin density 0~., and the bond orders Puv computed in 
this frame will be of value. 

An at tempt  to derive the expression for 1p.v is known [1]. Nevertheless, the 
formula used in [1] is valid only for the case of mixing of some particular doubly 
excited configurations, namely those of the types 1 ~  k and l~-.k,  and of the 

i ~ k  j ~ l  

ground state configuration 1~0. An identical formula was erroneously used by 
the authors of I-2-6], who have included singly and/or  doubly excited configura- 
tions of arbitrary types. The correct formulae for ~'3P~v and Q~ with the inclusion 
of only singly excited configurations are given in [7, 8] where also is indicated 
that the use of the widely-spread simple formula [1-6]  for mixing of configura- 
tions of arbitrary types leads sometimes to an even qualitatively incorrect electron 
density distribution, especially for the states of different multiplicity. 
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The present communication is devoted to the derivation of the general ex- 
pressions for l'aPuv of the ground and excited singlet and triplet molecular states 
and for Q~u of the triplet states in the frame of the CI method including all singly 
and doubly excited configurations. 

The Wave Functions 

The occupied MO's of the ground state of a molecule will be designated by 
i and j, and the unoccupied MO's by k and I. The single-configurational wave 
function of the ground state of the system with 2n electrons is 

14} 0 = ( 1 ] ' . . .  i t j f . . ,  n'~) 
or for brevity 

14}o = li'ijj-~ . 

The multi-configurational wave functions for the singlet and triplet states, 
resp., are 1 

1 1 1T = 1Xo14}o+ ~ Xi-~k 4}i-~k 
1 1 i X 14} + S. x ~ k  4}i-.~+ S. , ~  ,-.~ 

where 

i ~k  i~k  
1 1 + S. X~k 4}~-,k 

i--*l i ~ l  
iy,, Ig}%,, 

j ~ l  j ~ l  

3 1 1 J = ~ 3  3 
X i ~ k  ~ i ~ k  

+ ~ 3 X i ~ k 3 4 } i ~ k  
j--*k j ~ k  

3 y ,  3di' 
"~- ~ .  ~*i~k "JVi~k 

j ~ l  j ~ l  
~" 3y,,, 3/h'" + /. ~xi~ k "~ i~k  

j ~ l  j ~ l  

j '~k j ~ k  

+ "~-i---,k ~ i ~ k  
]---~l j-~l 

+ ~ 3  3 
Xi---r k ~i---rk 

i-~l i~ l  
~" 3y,, 3d%" + d_. /xi-+k ~:i~k 

1 
*r = ~ (likjjl - likjjl), 

*4}i~k = Ikkjfl, 
i ~ k  

l~) i~  k 
j-+ k 

14} i._, k 
i--* l 

1 , 
4} i~k  

j--~l 

1 (li-kfkl + likjk[) = ~  

1 (IkTj)7 + Ilgj)7), 

= 1 (likj-/[ + l ik j l l -  lik]ll -ITFcjll), 

1 Here and in the following equations the summation indexes over MO's are omitted supposing 
that they run independently over all possible values. 
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l d ) H  __  
-.- i_.+ k - -  

j'-+ l 

1 (lik'fl] + [ikjll + likjll + 17Efll 

- 2] ik j l l -  2]ikjll), 

34) = [ikj'~[, 
i--, k 

aO --[ikjk[ i-+ k - -  

j -+  k 

~4) _~ -Ikt j f l  i k - -  
i ~ l  

4),~k (ITkitL- lik/rl), 

3d,,, 1 
-ae- i.... k -~- j-., - ~  (Irkjll + likjrl- 21i@D 

t - l am,,,_,_~kj_~, = ~ (likj I + [ikj~ + likfl[ - 3 [ikjll). 

The Expectation Value of a One-Electron Operator 

Let the one-electron operator be given 

= ~ Q(t). 
t 

There should be found its average values 

and 

In order to calculate the matrix elements of 0 on the determinantal functions 
contained in 1~ and 3~ one may use the known expansion [9] 

(U[O] V )  = ~ (ur]O~]vs) n(r ls ) ,  
rs  

where 
U = (u~uz...  u~), 

V = (vl v2 . . .  vN) ,  

and D(r[s) is a minor of the determinant 

D = ( U I V ) ,  

received by crossing in D the column r and the row s. 
Tedious calculations lead to the following expressions for 1(@ through the 

matrix elements of Q in the MO representation and for 3(@ in the spin-MO 
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representation 2 :  

Xi-+k Xi'-*k,(Qkk'~ii' - Qii,(~kk,) YO>=2 Q.+Y,~ ' 
i=I 

1 2 
+ 2 Z Xi-+k(Qkk -- QU) + ~ Z Xi-+k Xc-~(2QkkbU,6ir Qu,6j~,- Oz, bu,) 

i--*k j~k  j" ~k 

AC Z 1Xi'-*k 1Xi ~k" (-- 2 Qiit~kk, 6it, q- Qlr (~kk" '']- Qkk" (~ll') 
i-~l i~l" 

/iy, iy, 1 ,, 1 /t 
-[- ~.1 "~'i~k xxi'+k' -It- Xl--+k X i '+k ' )  (Qkk'(~ii'6jj'611 ' "t" Qll,(~ii,6jj,(~kk, 

\ j~ l  j'-~l' j-~l j '-+l'/ 

--  Qii,(~jj,~kk,f~ll, -- Qjj,6ii,6kk,611,) "q-- 2 [ / ~  Z 1 X i + k  (1Xo -}- 1Xi~k ) / 

-- 2 Y ~Xi+k~Xi+kQjk + 2 ~" tX ~X n /~ i~k i"*k~il 
j~k  i~l 

-- ]//2 Z l x  [ lx" + ]//~ 1x'' \ i ~ k [  i~k I/ "" i"*k}~jt 
\ j--,t j--,t/ 

1 1 1X 1 X '  "~ n + 21/~ Z ( Xi-+k Xi+k + i+k i--k I ~U 
\ i+k j+k i-~l j + l /  

1 1 1 1 , 
\ i+k i~l j- 'k j ~ l }  

= X~k X~.~k.(Qw~,. - Qi~.~k') 
i=I 

+ X 3Xi-k3Xi'+k[(Qkk + Q~r,)6u'bz'- Q~,bjj,- Q]],6u, ] 
j~k  j"-*k 

+ ~ aX,~k3Xi-,k' [-(Qii + t2~)~kk'~l,' + Qk,,~u, + Qu,~k,,] 
i'-*l i-~l' 

3 t 3 t I + Z x~k xl,_.~, .Qk~,~.,,~jj,,~,~,- Qz.~.,,%~,,~,,, 
j~ t  j'-~l' L 

1 1 1 + ~(Qu.+Qm)fu,6j.rfikk , -  (Qu,+Qt~,)bjj,tSkk,6U, 

+ 61 ~. aV",,.i..,k 3V",,.,,..,k, [6Qkk'fU'b~]'fU" + (5Ou' + Om)fiU'b~gbkk' 
j~ l  j '~l '  

- (4Oz' + 2Q]?)bU'6kk'bU'- (Qu" + 5Q~r')bjj"bkk'bn '] 
1 ~7' 3 y , -  3yHt 

+ ~ -  z .  ~'i+k ~i'~k' [(3Qkk" + 9QF,~,)61i,@6U, 
j~ l  j ' -q'  

+ ( l l Q u ,  + QiP)(~ii't~jj't~kk" -- (Oil" + 11 Q~')fijyfikk'bU' 

j-+k 

i--*l j~'l 

~ 3  3X 3X" t2'~ + ~. i+~ ~ ~ ~ + Q ~ )  
j~ l  

2 Since we are going to derive 3Pu~ and ~ ,  the expression for 3<@ is written without summation 
over the spin variables. 
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~33 ~ ag 3y,,, in + 
j"*l 

3 X  , { 3 X ,  , 1 3 y , ,  ~{)__ 1/S w + 
j--*k \ j-"+l g "" J--ell 

~33 Z 3 Y  3 y . ,  ('ll"l +Qk,) z x i ~  k ~J-i-..k~,.-'~x$kI 
j ~ k  j"*l 

+ ]/~ Z aXi-~k3X'-~kQo-+i-~, j_., ~ 3  y'- 3Xi-~k3X"k(Q~)+i~, j~, 2Q~ 

~ 3  ~ 3 z aX,,, m-- i~k i~k~,k2"U --  QU) + 
i-~l j-~l 

1 -V I "q 
+ ~ Z 3X;-~k I "~*r-~k -- "*i'-.kll [(Qu, '- Qii,)~u, 

L ~~ \ ~ "  - -  i -*r/J 
+ (0~, -  Q,.)~,.] 

_~_~_.. 3y,, 3y,,, + -~-~k -~'~k [(Q~i,- Qu')@@ 
j ~ l  j '~l" 

+ (Q~i" - Qu,)6jj,~u , + 2(Qj j , -  Q]],)C~u, Ou, ] . (1) 

The Electron Density-Bond Order Matrix and the Spin Density 

Expanding the MO's in linear combination of AO's 

q'. = Z c,,~z,, (2) 
u 

one can introduce the matrix elements 

Q.v = <z. I01 x J  

and obtains an expression for l<~> in terms of the expansion coefficients C~,. 
Comparing it with the known expression 

"3(0  ) = Y'. "aP.~,,Qu,, (3) 
,uv 

one finally obtains 

1p.~ = 2 ~,, Ci, iCvi + ~,, 1Xi-~klXi,-w(CukC~k,6 u, -- C~,iC~i,6k~,) 
i=l  

+ 2 Z  1X~-~k(CukC~k -- CuiC,, ) 
i--, k 

+ Z 'X,~k 'X,,--,k(2CukC,,kfu,6~j,- CuiC,,,6jj,- C~qCvj,6u,) 
j ~ k  j'-*k 

+ y ~ x , _ . ~ x ~ . ( - 2 c . , c . A ~ , r  + c.~c.~,~.. + c. ,c~, ,~.)  
i-~l i-~l' 

/ 1 y t  1 y t  j_ lvF"t 1y t '  ~ (CllkCvk,(~ii,(~jj, t~ll, ~- Z | lXi~k ~J'i'-~k . . . .  i-~k ~"i'~k'] 
\ j ~ l  j '~l" j ~ l  j'-+l'] 

�9 -{- CtalCvl,C~ii,(~jj,(~kk,- C#iCvi,C~jj, C~kk,r CloCvj,~i i ,(~kk,~l l ,  ) 
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+ 2]/~ Y'. *Xi-+k(1Xo +*XiiT+~) C~,iC~k 

2 ~ 1  , , 1 -- Xi-+k Xi-+kC,oC~k + 2 ~_. Xi--,k X,-+kC, iC~z 
j ~ k  i+l 

\ j+l  k 

+ 2 ~  y. ( x,_.~ xl-.~ + ,~ ,-.H . , ~  
\ i~k  j ~ k  i~ l  j ~ I /  

+ 2 ] /~  Z ('Xi-k*Xi-+k + 1Xi-+kxX;-+k] C~,kC~,. 
\ i+k i'-*l j+k  j ~ l f  

In order to calculate r  let put in (1) 

0 = E ~ ( t ) .  
t 

(4) 

Taking into account that 

(sz)~j = - (sz)~j 

and using the AO basis one obtains after some manipulations 

~z(t) = -ff E x,.~ xl._.~, E (c.~c~.a,,, + c~,c.,,a~.) 
,u 

1 Z 3X~-~k3X~'-'k Z (C.jC.ra." + c. ,c. , .@) 
Jr- 2 j ~ k  j '  ~k  # 

1 Z 3X'+k3X'+k' Z (C.kC.k,5,,. + C.lC.,.Skk.) 
~- T i-*l i~l '  # 

1 v 3 X, 3 X, + ~ ~ ,+~ ,-+~, Z (c.~c.~.aj; + c.jc~,a~,) 
j--+l j'--+I u. 

1 ~'~ 3 y , ,  3u  + -~-/, "'i-+k "i'-+k" Z (3 C.k C~,k,ai,,~SjZ<~,,, 
j--+ l j' --+ l' u 

-]- 2C~lC#l ,~i i , (~j j ,  t~kk, Jr- 2Cl~iC#i,(~jj, t~kk,(~ll ,-  Cl~jC~j,(~ii,(~kk,~ll, ) 

1 ~  3v,,, 3v,.  v (5C.,C.,,@akk,a.. "4- "~Xi~k "r ~k" / ,  
j-~l j '  ~ l '  ,u 

-~ 5 C,ujC llj,(~ii,(~kk,(~ll, -~ 5 ClllClll,(~ii,~jj,(~kk, 

- 3 C ukCuk,611,t~jj,(~ll,) 

j--'k # i~ l  

1 3X ( ] / ~  3X ' I/r2- 3 ,, 

2 3y,,, x 1 Z3X/+k(__l//23Xi+k, 1/~ ~ - k / z .  C.:C., + ~- 

l f 2  3 ,, 2 3 _ , , , X  
+ I / ~  x ~ -  T ~  ~i:~1 Z c~,c.l 

V o i__+1 V o j 1 /  
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On the other hand 

so that finally 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 
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1 /_23 ,, 
i-~l \ J-~! V ~ j-~l 

3 ttr 
V ~ Xi_. 2 C ,  iC~q+ 1 ~, ~Xi~k l~ ' i ' - r k  

j-~l./ la v j--+l \ j~l" 

1 3v,,, ~ V (C.~C.raii,- C~,iC.i, au,) "4- ~ xXi~k I /..a 
j--+l'f 

_~_  ~ 3 y,, 3 y,, ,  + ~-~k ~ '~k  ~ (2C~qCu~,aii,au, 
j--*l j'--*l' g 

- C.~ c.vaz, a u, - C~C.ra~,az). 

1 
ez(t = T y'Q"'  It 

ax~-~k 3Xe-.," (C., C~k. a.. + C., C.v 6~k') 

Z ~x~-.~x,.-.~(c~,c.v,z + c.~c.j,a..) 
j~k  j'.-.rk 

3Xi-.~3Xi-~v( C.k c.~,au. + C.~C.ra~a,,) 
i~l  i--*l" 

Y 3xi..,~3x;_~k,(c,,~c,,~,az + c,qc.j,a~k,) 
j--*l j'--*l 

1 3Xt,  3XH [21" P ,.~ ,.~ ,~ 
T Z i~k i'-~k'~" "~"l& xJl&'vii'~jj'~ll" 

j~ l  j'~I" 

1 3 i,t 3 .~ Y'. Xi-~ xi,._,k,(5c,,~c,vazakk,au, 
j--+l j'-+l' 

5 C..iC.j, akk, at,,a u, -- 3 Cuk C~,,6u,az,6 u , 
5 C#t f i t  l, aii, ajj, akk ,) "~- 2 X 3X~-~ k 3Xi -~k C , j  C#k 

j~k  

2 y 3  3 [ / / ~  ( y ~  3x~: Xi__,k S i ~ k C l z i C g  I qt_ Z 3Xi~k  

3 u _.+ l -- --1// 2 3 y't'xx i _+ k l '''laj [ /'~ I"' I" -~- V-~33 Z \(-- g 3 3 X [ = l 

3y t t  g 2 3 Y t , t  "-~ (3Xi~+kCl&C# 1 .cxi+ k -- x.~i+kl 
j~ t  j + t /  \ j k 

3Xi ~ k Clti Cltj ~ -'!i' "-* k 
j+l \ j-~l" 

3 y " t  ~ (C#lCitl, aii" -- C#iC#i, all,) 
j ~ l , /  

~32 }--a ,, 3 ,,, Xi+k  X ; , + k ( 2 C M C , j ,  aii, atl, 
j-+l j.--.l, 

f l t  i f i t  i, ajj, all, --  Ciz 1Cu l, aii, ajj,) . - ( 5 )  
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The expression (1) also permits to obtain the formula for 3p.~. Let us carry 
out the summation in (1)over the spin variables taking the normalization con- 
dition of 3kr into account. Using the AO representation and comparing the ex- 
pression derived so far with (3) one finally obtains 

aPu~ = 2 ~ C#iCviA~ - Z 3 X i ~ k 3 X i ' - - * k ' ( C # k C v k ' ( ~ i i " -  C#iCvi '(~kk ') 
i= l  

+ Y~ 3X~kaX~,~k(2CukC~k6U,3jj,- C u i C v i , ( ~ j j , -  C#jCvj,(~ii  )) 
j ~ k  j ' ~ k  

+ ~ aXi~kaXi~k,(--2C.iC~i6kk,6U, + C.kC~k,6U" + C.zCv'6kk,) 
i ~ l  i~ l '  

3 y t t  3 y .  

\ j--*l j ' ~ l '  ,]--*l j '~ l"  

3v,,, 3y,,, "~ (C,kC~k,6U,@6u, xx i~  k xxi,-~k, ] 

+ C.l C~r 6ii' @ G~' - C.~ C~i, @ 6kk' @ 
- -  C#jCvj ,6i i , (~kk,  Oll,) - -  2 Y. 3Xi~kaXi.k C.~C~k 

j ~ k  

- 2~. 3 X i ~ k 3 X i ~ k C l . H C v l  
i-.*l 

ay, av,, 21/f~ X~.:,/ + Y_ 3 X - -  . . , ~  - . ~ - -  - ~'} C, ,kG, 
j-~k j ~ l  j ~ l  

3 P 3 - + V 2 Y .  aX'i-+k ( Xi-+k + V3 Xi-+k')CuiC,,. (6) 
i'-'*l \ j ~ l  j ~ l /  

The expressions (4)-(6) immediately lead to the formulae [7, 8] 

*,apl,, ' 2 ~ CuiC~i+ 2 , , a  , ,a = Xi~k Xi,_,k,(C,kC.k,6 u , -  C.iC,i,6kk, ), (7) 
i = 1  

and 
e,,,, = ~. 3X- -3X~ '~k ' (  C,,k C,,k'6." + C, .C. i ,Gk,)  , (8) 

which are valid for the case of including only singly excited configurations. 
The formula for 1p,~ erroneously used in [2-6] may be obtained from (7) if the 

summation in the latter is restricted by the condition i = i' and k = k'. The validity 
of the expression for 1Pu~ used in [1] follows from (4) when accounting only for 
some particular configurations, namely those of type ~ 0 ,  l~b~k, and 1~i_~ k 
which have been included by these authors, i~k i-'~ 
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